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Abstract 

This paper discusses the frequency function of multiple- valued Dirich- 
let minimizing functions in the special case when the domain and range 
are both two dimensional. It shows that the frequency function must be of 
value k/2 for some nonnegative integer k. Futhermore, by looking at the 
blowing-up functions, we characterize the local behavior of the original 
Dirichlet minimizing function. 
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1 Introduction 



Frequency function for multiple- valued functions was introduced by Almgren in 
|AF| to study the branching behavior for multiple-valued Dirichlet minimizing 
functions: 
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For Dirichlet minimizing functions, N(r) is nondecreasing in r. Almgren es- 
tablishes this monotonicity by certain range and domain deformations, called 
"squashing" and "squeezing" . The monotonicity property enables one to prove 
by dimension reduction that such multiple- valued functions have branched sets 
of codimension at least two. 

To get a better idea about this frequency function, consider a harmonic func- 
tion on R 2 , and express it in terms of polar coordinates: u{r, 9). If we fix r, we 
can expand the resulting function of 9 as a Fourier series. Now as r decreases, 
the higher frequency terms in the Fourier series die off faster than the lower 
frequency terms. 

Monotonicity of frequency functions have been used in some other work, see 

HZ] EH 

The motivation of this paper was trying to characterize multiple- valued Dirichlet 
minimizing functions / : R 2 — ► Q2(R 2 ), which is homogeneous of some positive 
degree. There are a lot of them like z 1 / 2 , ±z, z 3 / 2 . In general, any function of 
the form 

z N , for some positive real number N 

could be a candidate. One thing worth mentioning is that the frequency function 
at the origin of z is exactly N. However, not every N gives a 2-valued function 
because the function has to match up itself once going around the circle one time. 
For example, consider the function 

/ : (r,fl) [[{r N cos(N0),r N sm(N6))]] + [[(-r N cos(N9), -r N sm(N6))]}, 

when N = 1/4. 

f(r, 0) = [[(r N , 0)]] + [[(-r N , 0)]], f(r, 2n) = [[(0, r N )}} + [[(0, -r")]]. 

They do not match. We will see that in this case, only by choosing N = k/2 
for some positive integer k makes / a well-defined 2-valued function. This is 
basically the main ingredient of the proof of our main theorem, matching up 
values for 9 = and 9 = 2ir. More precisely, given a multiple- valued Dirichlet 
minimizing function / : K 2 — > Q 2 (IR 2 ), with Af(0) = N, we use the blowing-up 
analysis to get a Dirichlet minimizing function g : R 2 — > Q2(R 2 ) of homogeneous 
degree N with the same frequency N at the origin. By doing the matching up 
business for g, we succeed in proving N = k/2 for some nonnegative integer k. 
A by-product of this proof is the characterization of local behavior of original 
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function / near the origin. 

So a natural question is whether we have similar results in higher dimension, 
either domain or the range, or higher multiplicity Q. For functions / : M. 2 — •> 
(Q>3(IR 2 ), it would take a lot more work to matching up values. Therefore some 
other easier methods are expected to give a full answer to this question in 
general. 

2 Preliminaries 

We refer to |AF| . [ZWT] for most of notations, definitions and known results 
about multiple-valued functions. For reader's convenience, here we state some 
useful results. The proofs of them can be found in |AF| . 

Theorem 2.1 (|A"F]. §2.6). Hypotheses: 

(a) < ro < oo. 

(b) A C R m is connected, open, and bounded with U™(0) C A. dA is an m — 1 
dimensional submanifold ofW 11 of class 1. 

(c) f : A — > Q is strictly defined and is Dir minimizing. 

(d) D,H,N : (0, ro) — > M. are defined for < r < ro by setting 

D(r) = £>ir(/;i; n (0)) 

H(r)= [ Gifix^QimfdH^x 

^9B™(0) 

N(r) = rD{r)/H(r) provided H (r) > 0. 

(e) Af : A —> W. is defined for x G A by setting 

M{x) = limrDir(f-W; l (x))/ f G(f(z), Q[[0]}) 2 dH" 1 ' 1 Z 

r l° JdS™(x) 

provided this limit exists. 

(f) H(r) > for some < r < ro. 
Conclusions. 

(1) r) o f g y 2 (A, R n ) is Dir minimizing and harmonic. 

(2) N(r) is defined for each < r < ro and is nondecreasing. 

(3) JV(0) = linvj.0 N(r) exists. 
(4) 

A = An{x : for some0<r< dist{x,dA)J dvm{x) G(f(z),Q[[0}}) 2 dH m - 1 > 0}. 

(5) Af(x) is well defined for each x G A and is upper semi- continuous as a 
function of x. 

(6) In case N(r) = A/"(0) for C 1 almost all < r < r$, then 

f{x)=n[{r/r 1 )^%f{r 1 x/\x\) 
for C m ~ 1 almost all x G <9U™(0) and each < r\ < r Q . 
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Theorem 2.2 ([XT]. §2.13). Hypotheses. 

(a) In case m — 2, UJ2.13 = 1/Q- 

(b) In case m > 3, < eq < 1 is as defined as in \At\ . §2.11 and < W2.13 < 1 
is defined by the requirement 

to - 2 + 2cj 2 . 13 = (to - 2)(1 + e Q )/(l - e Q ). 
r 2 .i 3 =4 1 -" 213 [2 m /7(l-2-" 213 )+3-2 m - 1+ ^ 

^dj / G 3^2(K m ,Q) is strictly defined and /|U™(0) is Dir minimizing with 
£>jr(/;Bf (0)) > 0. 

(e) jV(0) = Hnvior^rC/;!-^))//^^^, Q[[0]]) 2 dH m -\T. 
ConcZusioras. 

(%) For eacft z e (0),0 < r < 1 - |z|, and < s < 1, 

Dir{f-W? r (z)) < s m ~ 2+2 ^Dir{f;M™(z)). 

(2) Whenever 0<5 < 1 andp,qe M\ n _ s {0), 

G(f(p)J(q)) < T 2 . 13 5- m / 2 Dir{f-W^(0)) 1 l 2 \p^q\^\ 

in particular, f\M'™_ s (0) is Holder continuous with exponent W2.13- 

(3) Either /(0) = Q[[0}} and 7V(0) > w 2 .i3 or /(0) ^ Q[[0]] and 7V(0) = 0. 

(^) Suppose /(0) = Q[[0]] and 1/2 > r(l) > r(2) > r(3) > • • • > wt/i 
= lim^oo r(i). Then there is a subsequence 11,12,23,- ■ ■ of 1,2,3,- • • and a 
function g : B" l (0) — > Q with the following properties: 
(a) g is the uniform limit as k — > 00 of the functions 

p(D ir (f o M [r(i fc )]; If (0))- 1 / 2 ), o / o M [r(i k )]|ir(0). 

ff|Uf (0) € ^ 2 (Uf (0),Q) is Dzr minimizing with Dir (g; 3^(0)) = 1. 

(d) g(0) = Q[[0]} and for each x £ Bf (0) - {0}, 

g(x)=n(\x\^%og(x/\x\). 

(e) For each p,qe (0), 

Q{g{p),g{q)) < 2 m ^^+^r 2 . 13 \p~ q r^. 

(5) Corresponding to each bounded open set A such that dA is a compact m — 1 
dimensional submanifold ofW n of class 1, there is a constant < T a < 00 with 
the following property. Whenever g £ y 2 (A, Q) is Dir minimizing and p,q G A, 

G(g(p),g(q))<T A Dir(g;A) 1 / 2 ^{dist{p,dA)- m l 2 ,dist(q,dA)- m l 2 }\p~q\^. 



4 



Theorem 2.3 (HU, §2.14). (1) Let fi e {1,2, • ■ -,Q} and suppose /i,/ 2) - • 
■Jq G y 2 (U5*(0),R n ) are siric% denned. Taen / = E?^/;]] £ 3MU?,Q). 
Furthermore, in case f is Dir minimizing, so is each fi, i = 1, 2, ■ • •, Q. 
(2)Suppose f E D^OUi^O), Q) is strictly defined and Dir minimizing. Then the 
function 

a:U7(0)^{l,2,...,Q}, 
<j(x) = card [«p*(/(x))] /on E Uf (0), 
is lower semi- continuous, the set 

£ = U" l (0) fl {a; : cr is not continuous at x} 

is closed in U5™(0) with Hausdorff dimension not exceeding m — 2, and the set 
U™(0) ~ S is open and paf/i connected. Furthermore, there exist J E {1,2, • • 

•, Q} and k%, fc 2 , kj E {1, 2, Q} with fci+fc 2 H \-hj = Q with the following 

properties: whenever W C U™(0) ~ £ is open and simply connected, there are 
harmonic functions f\, / 2 , ■ ■ ■, fj : W — > R™ such that f(x) — Yli=i ^i[[fi( x )]] 
and J — card {fi(x), / 2 (x), ■ ■ ■, fj(x)} for each x E W . 

3 Main Theorem 

Theorem 3.1. Hypotheses. 

(a) m = 2,n = 2,Q = 2,u 2 .i3 = 1/2. 

(b) f E y 2 (K 2 ,Q(R 2 )) is strictly defined and /|U 2 (0) is Dir minimizing with 
£>Mf/;B?(0)) > 0. 

f c ; /(o) = 2[[o]], 

fdj jV(0) = Hm no ri*r(/; B 2 (0))/ / xeaB?(0) G(f(x), 2[[0}})Wx 
Conclusion. 

A/"(0) = fc/2, /or some positive integer k. 

Proof. According to Theorem 2.2, we know that Af(0) > W2.13 > and suppose 
1/2 > r(l) > r(2) > r(3) > • • • > with = limi_» 00 r(i), then there is a 
subsequence ii, i 2 , «3, • • • of 1, 2, 3, • • • and a function g : B 2 (0) — > Q with the 
following properties: 

(1) g is the uniform limit as k — > 00 of the functions 

MDir(/ o /^(i^B^O))" 1 / 2 ^ o / o ^[r^Op^O). 

(2) .g|U 2 (0) E ^2(U 2 (0),Q) is Dir minimizing with Dir(#;B 2 (0)) = 1. 

(3) /* € ^(o)S(<rt*)>2[[0]])Wa: = 1/JV(0). 

(4) 5 (0) = 2[[0]] and for each x E B 2 (0) - {0}, 

g(x)=n(\x\^%og(x/\x\). 

(5) For eachp,g £ B 2 (0), 

g(g(p), g ( q ))<2^+^T2. 13 \p~ q \^. 
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First of all, we claim 

X(g) = 0, or {0}. 

This comes from the fact that g is homogeneous of degree A/"(0). If a is not 
continuous at some nonzero point y, a is not continuous at every point on the 
ray ty, t £ (0, 1). Then the Hausdorff dimension of £ is at least one, which is in 
contradiction to Theorem 2.3(2). 

Rest of the proof is divided into two cases: £ = and £ = {0}. 
3.1 E = {0} 

If £ = {0}, applying Theorem 2.3(2) to the function g, we get J = 2. This 
is because otherwise if J = 1, then for any point x E U 2 (0) ~ {0}, <r(x) = 1. 
Therefore a is a constant function on Uf (0), which means £ = 0, a contradiction 
to our assumption. 

Take W = U 2 (0) - {{x, 0),x > 0} in Theorem 2.3(2), we have 

2 

g(x) = J2[[hi(x)]},xeW 
i=\ 

for harmonic functions hi : W — > M 2 , i = 1, 2 and h\(x) ^ /i2(x),Vx <E W. 

For simplicity, we denote A/"(0) as N. Since g is homogeneous of degree N, so 

is hi, i = 1, 2. Hence we can write 

g(r, 6) = [[r N 9l (8)]] + [[r N to (0)}], <r<l,O<0<27r 

where gi : (0, 27r) — »• R 2 , i — 1, 2, and r N gi is harmonic, i = 1,2. 

Moreover, in spirit of Theorem 2.3(1), r N gi must be Dir minimizing, hence 

conformal on W for i = 1, 2. 

Let 

ffi(fl) = (si(0),0?O?)),fl2(0) - (<72(0),<7 2 2 (0))- 
The Laplacian operator in polar coordinate can be expressed as 

d 2 ld_ 1 9 2 

Do the computation, we have 

^(r N gl(8)) = N(N-l)r N - 2 gl(6), 

~(r N gi(8)) = Nr N - 2 gl(6), 
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Therefore, A(r N g{(9)) = r N ~ 2 [N 2 £(6) + \g{(0)]"] =0,i= 1,2, j = 1,2. 
Hence we can represent gf (9) as 

gf(9) = a{cos(N0) + b\ ' sm(N0), i = 1,2, j = 1,2, for some contants a{ ', b\ '. 

Denote 

g(r, 0) = r N [[(acos(N9) + bsm(N6), ccos(N9) + dsin(iW))]] 

+r N [[{acos(N9) + bsin(N6),ccos(N9) + dsm(N9))]],0 < r < 1, < 6 < 2tt 

where a, b, c, d, a, b, c, d are constants. 
Denote 

= r N gi {9) = (r N (acos(N9) + bsin(N9)),r N (ccos(N9) + dsm(N9))) = 
(/i,/ 2 ). 

In the polar coordinate, 

d d q ^ d — sin 9 
dx dr 89 r 1 

d d . d cos 9 

dy dr 09 r 



Do the computation, 



dfi = dfi cQs Q dfi -sing 
dx dr 89 r 



= Nr 1 *- 1 (a cos(N9) + b sm(N9)) cos 9 + r N 1-aN sm(N9) + bN cos(N9))-^ 

r 

= Nr"' 1 (a cos(N6) cos 9 + b sm(N9) cos 9 + a s'm(N9) sin 9 — b cos(N9) sin 9) 
= iVr^" 1 (a cos((JV - 1)9) +bsin((N - 1)9)). 

Similarly, ^ = Nr"- 1 (ccos((N _ 1)0) + dsin((N - 1)9)). 

dfi dfi . „ dfi , cos 9 . 
dy dr d9 r 

= Nr N ~ 1 (acos(N9) + bsin(N9)) sin9 + r N (-aN sm(N9) + bNcos(NO))^— 

r 

= Nr N - 1 (acos(N9) sin 9 + b sin(N9) sin 9 — a s'm(N9) cos 9 + b cos(N9) cos 9) 
= N^-^bcosdN - 1)9) -asm{{N - 1)9)) 

Similarly, ^ = Nr"- 1 (dcos((N - 1)9) - csm((N - 1)9)). 
Let (TV - 1)9 = cf>, 

dhi dfi dfi 

— — = (-^— , — ) = Nr N ~ 1 (acos4> + b sin 0, c cos 6 + dsmd>), 
dx dx dx 

dhi dfi 8f 2 N _ u . 

— — = (-^—, -^—) = Nr (b cos <p — a sm <p, d cos cp — csm6). 
dy dy dy 
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I ™± j 2 = 7V2 r 2(N-l) J a 2 cos 2 ( j )+h 2 sin 2 ^ + 2flfe gin ^ cog ^ + c 2 CO g2 ^ + ^2 gin 2 ^ + 

2cd sin (/> cos </>] 

| = N 2 r 2( - N -V [6 2 cos 2 + a sin 2 - 2ab sin cos + d 2 cos 2 <p + c 2 sin 2 - 

2cd sin ^ cos <p] . 

< ^ >= 7V 2 r 2 ( Ar " 1 )[a6cos 2 - a 2 sin <f> cos </> + 6 2 sin0cos0 - afesin 2 + 

cd cos 2 (j> — c 2 sin cos 4> + d 2 sin cos 4> — cd sin 2 0] . 

Using the conformal condition, and after simplification, we have 

(a 2 + c 2 - 6 2 - d 2 ) cos 2 ^ + (b 2 + d 2 - a 2 - c 2 ) sin 2 4> + (4ab + 4cd) sin <j> cos (f> = 0, 

and 

(aft + cd) cos 2 - (ab + cd) sin 2 <fi + (b 2 + d 2 - a 2 - c 2 ) sin <fi cos <fi = 0. 
While the first one can be further reduced to 

(a 2 + c 2 - b 2 - d 2 ) cos(20) + {2ab + 2cd) sin(20) = 0, 

and the second one can be reduced to 

b 2 + d 2 - a 2 - c 2 
(ab + cd) cos(20) H sin(20) = 0. 

In a matrix form, that is equivalent to 

/ a 2 + c 2 -b 2 -d 2 2(ab + cd) \ / cos(20) \ / \ 

^ ab + cd _ a 2 + c 2 ^b 2 -d 2 J [ sin(2 0) ) - { ) 

for any cfi = (N — 1)9. Therefore, we must have 

a 2 + c 2 - b 2 - d 2 = 0, ab + cd = 0. 

Similarly, we have 

a 2 + c 2 - b 2 - d 2 = 0, ab + cd = 0. 

Now we will discuss the solutions of above equations. 

If c = 0, then ab = 0, i.c a = or b = 0. 

If c = a = 0, then b = d = 0. 

If c = 6 = 0, then a = ±d. 

If d = 0, then a6 = 0, i.e. a = or 6 = 0. 

If d = a = 0, then c = ±6. 

If d = b = 0, then a = c = 0. 

Now we assume that cd ^ 0, let a — kc, b — Id, for some constants k, I. 

a 2 + c 2 -b 2 -d 2 = k 2 c 2 + c 2 - l 2 d 2 - d 2 = (k 2 + l)c 2 - (I 2 + l)d 2 = 
ab + cd= (kl + l)cd = 0. 
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Since cd ^ 0, kl = — 1, i.e. I = —1/k. 

So (k 2 + l)c 2 = (I 2 + l)d 2 = (p + l)rf 2 = ^^d 2 - 

Hence d 2 = k 2 c 2 , i.e. d = ±kc, b = Id = —\ ■ ±kc = =pc. 
In a word, here are the possible solutions of a, 6, c, d: 

(1) (a,b,c,d) = (d,0,0,d),d^ 

(2) (a, 6, c, d) = (-d, 0, 0, d), d ^ 

(3) (a,b,c,d) = {0,b,b,0),b^0 

(4) (a,b,c,d) = (0,b,-b,0),b^0 

(5) (a, b, c, d) — (kc, — c, c, kc), k ^ 0, c ^ 

(6) (a, 6, c, d) = (kc, c, c, —fee), fc ^ 0, c 7^ 

(7) (a,b,c,d) = (0,0,0,0) 

We have the same conclusions about d, 6, c, d. 

Finally, we will check the requirement that 77 o g = ^{r N g\(9) + r N g?.(6)) is 

Dir minimizing, i.e r N ((a + d) cos(N6) + (b + b) sin(iV0), (c + c) cos(iV0) + (d + 
d) sin(iV0)) is Dir minimizing. Therefore, the 4-tuplc (a + a,b + b, c + c, d + d) 
must be in one of the seven forms above. 

Now let us consider the possibility of matching up the two 4-tuples (a, 6, c, d), 
and (a, b, c, d). 

(l) + (l),i.e (a, b, c, d) = (d, 0, 0, d), d ^ 0, (a, 6, c, d) = (d, 0, 0, d), d ^ 0. 

(a + a, 6 + 6, c + c, d + d) = (d + d, 0, 0, d + d) 

g(r,0)^[[r N (d,0)}] + [[r N (d,0)}} 
g(r,2Tr) = [[r Ar (dcos(27rAr),dsin(27r7V))]] + [[r JV (dcos(27rJV),dsiii(27rJV))]] 
Let tjj — 2ttN. Since g is Holder continuous in U™(0), g(r, 0) = ,g(r, 2n), i.e., 

dsin(27riV) = dsin(27riV) = 

sin(27rA0 = 
2ttN — kir, i.e N — k/2, for some integer k = 1, 2, ■ • ■ 

Case 1: 

dcos(27r7V) = d, dcos(27n/V) = d 

cos(27r7V) = 1, i.e 2nN = 2kir, for some integer k = 1, 2, • • • 

N = k, for some integer fc = 1, 2, • • • 

Therefore, #(r,0) = dr fe [[(cos(fc0), sin(fc0))]] + dr fe [[(cos(/c0), sin(fc0))]]. 
Case 2: 

d = dcos(27r7V), d = dcos(27riV) 
cos(27riV) = ±l,i.e.27rJV = kir 
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N — k/2, for some integer k = 1, 2, • • • 
If iV is an integer, then d = d. 

g(r,0) = 2dr k [[(cos(k6),sm(k6))}}, 

in which case £(#) = 0, a contradiction to our assumption. Hence AT = 
k/2, for some odd integer fc 

d= -d 

fl (r,<9) = dr fc / 2 [[(cos(6>fc/2),sin((9fc/2))]] + (-d)r fe / 2 [[(cos(6lfc/2), sin(0fc/2))]] 
(l) + (2): {a, b, c, d) = (d, 0, 0, d), d^O, (a, b, c, d) = (-d, 0, 0, d), d ^ 0. 

(a, 6, c, d) + (a, 6, c, d) = (d — d, 0,0, d+ d) 

which is in neither of those seven forms. 

(l)+(3): (a, 6, c, d) = (d, 0, 0, d), d ^ 0, (5, 6, 2, d) = (0, b, b, 0), d ^ 

(a, 6, c, d) + (a, o, c, d) = (d, 6, 6, d) 
which is in neither of those seven forms. 

(l)+(4): {a, b, c, d) = (d, 0, 0, d), d^0, (a, 6, 2, d) = (0, 6, -6, 0), d ^ 0. 

(a, 6, c, d) + (a, o, c, d) = (d, b, —b, d) 

which is of form (5). 

g(r,0) = [[r N (d,0)}] + [[r N (0,-b)}] 

g(r, 2tt) = [[r w (dcos(27rA0,dsin(27rA0)]] + [[r N (bsm(2TrN), -&cos(27rJV))]] 
Case 1: 

d = dcos(27riV), = dsin(27riV), = 6sin(27rA0, -6 = -ocos(27riV) 

cos(27riV) = l,sin(27riV) = 
N = k, for some integer k = 1,2, ■ ■ ■ 
g(r,6) = dr fc [[(cos(/c6>),sin(/c(9))]] + br k [[(sm{k6) , - cos(k8))}} 

Case 2: 

d = 6sin(27dV),0 = -6cos(2tt./V), = dcos(27rA0, -6 = dsin(27riV) 
which has no solutions. 

(l) + (5). {a, b, c, d) = (d, 0, 0, d), d^0, (a, b, c, d) = (Ic, -c, c, Ic), l^0,c^0. 

(a, b, c, d) + (a, b, c, d) = (d + Ic, — c, c,d + Ic) 

g(r,0)^[[r N (d,0)]] + [[r N (l~c,c)]] 
g{r, 2tt) = [[r Ar (dcos(2 7 riV), dsm(2irN))]}+ 
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[[r N (lc cos(2ttN) - 5sin(27riV), 5cos(27riV) + ;£sin(27r7V))]] 

Case 1: 

d = lecosip — csinip, = ccos ip + lesinip 
lc~d cos ip,c = d sin ip 

No solution. 

Case 2: 

d = dcosip, = dsin^, 
lc = Ic cos ip — c sin c = c cos ip + Ic sin t/> 
The solution is cos?A = 1, sin?/> = 0, hence 2ttN — ip — 2kn, N — k. 

g(r, 6) = dr k [[(cos(fc6»), sin(fc0))]] + cr k [[{l cos(k6) - sin{k9), cos(fc6») + 1 sin(fc0))]] 

(l) + (6). (a, b, c, d) = (d, 0, 0, d), d ^ 0, (a, 6, c, J) = (Zc, c, c, — Zc), Z ^ 0, c ^ 0. 

(a + a, & + 6, c + c, <i + <i) = (d + lc,c,c,d — Ic) 

which is in neither of the seven forms above. 

(1) + (7). (a, b, c, d) = (d, 0,0,d),d^ 0, (5, b, c, d) = (0, 0, 0, 0) 

(a, b, c, d) + (a, b, c, d) = (d, 0, 0, d) 

g(r,0)=r N [[(d,0)}]+r N [[(0,0)}} 
g(r,2Tr) = r JV [[(dcos(27riV),dsin(27riV))]] + ^[[(0,0)]] 
Since d ^ 0, the only possible matching up is 

d = d cos ip, = d sin ^ 

i.e sin-!/> = 0,cos?A = 1. 

N = k, for some positivie integer k = 1, 2, ■ ■ • 

3 M) = dr fc [[(cos(fc0),sin(fctf))]] + [[(0,0)]] 

(2) + (2). (a, 6, c, rf) = (-rf, 0, 0, d), d ^ 0, (5, &, c, J) = (- J, 0, 0, J), d ^ 0. 

(a, 6, c, <i) + (a, 6, c, d) = (— d — d, 0, 0, d + d) 

ff (r,0) = [[r JV (-d,0)]] + [[r JV (-d,0)]] 
g{r, 2tt) = [[r N (—dcosip, dsinip)]} + [[r N (— dcos ip, dsinip)]] 

Case 1: 

— d = —dcosip, = dsinip, —d = —dcosip, = dsinip 
Hence cos ip — l,sin^ = 0, i.e., 

N = k, for some positive integer k = 1,2,- ■ ■. 
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g(r, 8) = dr k [[{~ cos(fc6»), sin(fcfl))]] + dr k [[(- cos(fc6»), sin(fcfl))]] 

Case 2: 

— d = — dcos ip, = dsin^>, — d = —dcosip, = dsintfj 
The solution is sin^> = 0, cos?/; = ±1. 

If cos?/> = 1, then d — d, which means that £(g) = 0, a contradiction to our 
assumption. Therefore cos?/; = — 1, which means N = fc/2 for some odd integer 
fc. Moreover, we get d = — d. 

g(r,0) = ±dr k [[(~cos(k6),sm(k8))}} 

(2) + (3). (a, b, c, d) = (-d, 0, 0, d), d ^ 0, (a, &, 5, J) = (0, 6, b, 0), 6 7^ 0. 

(a, 6, c, d) + (a, 6, c, d) = (— d, 6, 6, d) 

5(r,0) = [[r iV (-d ) 0)]] + [[r JV (0,6)]] 
g(r, 27r) = [[r Ar (— dcosf/', dsinf/')]] + [[7-^(6 sin?/', Z> cos 

Case 1: 

— d = — dcosi/>,0 = dsin?/>, = 6 sin 6 = 6 cos?/' 
Hence sin?/; = 0,cos?/; = 1, i.e. N = k, for some positive integer k = 1,2,- • -. 

$(r,0) =d[[r fc (-cos(fc6i),sin(fc6l))]] + &r fe [[(sin(fc6»), cos(fc6»))]] 

Case 2: 

— d = bsin?/>, = 6cos?/>, = —dcosip,b = dsiwip 

No solution. 

(2) + (4) (a, 6, c, d) = (-d, 0, 0, d), d ^ 0, (0, 6, c, d) = (0, b, -b, 0),b^0. 

(a, b, c, d) + (a, b, c, d) = (— d, 6, —6, d) 
which is in neither of the seven forms above. 

(2) + (5) (a, b, c, d) = (-d, 0, 0, d), d ^ 0, (0, b, 5, d) = (Zc, -5, 5, Zc), Z 7^ 0, c ^ 

(a, 6, c, d) + (a, 6, c, d) = (Zc — d, — c, c, Zc + d) 
which is in neither of the seven forms above. 

(2) + (6) (a, b, c, d) = (-d, 0, 0, d), d ^ 0, (a, 6, c, d) = (Zc, 2, 2, -Zc), Z 7^ 0, 2 ^ 

(a, 6, c, d) + (a, 6, c, d) = (Zc — d,c,c,d — Zc) 

5 (r,0) = r JV [[(-d,0)]]+r JV [[(Zc,c)]] 
g(r, 27r) = r w [[(— dcos V>, d sin ?/>)]] + [[(Zccos ip + c sin ip, c cost/ 1 — Zcsin ?/>)]] 
Case 1: 

— d = —dcosip, = dsmip 
lc = Ic cos ?/> + c sin ?/>, c = c cos ip — Ic sin ?/> 
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The solution is sin ip — 0, cos?/; = 1, i.e. N — k, for some potitive integer k. 
g(r, 6) = dr k [[(- cos(fc0), sm(k6))]]+cr k [[{I cos(fc0)+sin(fc0), cos(fc0)-Z sin(fc0))]] 
Case 2: 

— d = lecosip + csinip, = ccosV> — Icsmip 
Ic — — d cos c = dsinip 

No solution. 

(2) + (7). (a, 6, c, d) = (-d, 0, 0, d), d ^ 0, (a, 6, 5, d) = (0, 0, 0, 0) 

(a, b, c, d) + (a, 6, c, d) = (— d, 0, 0, d) 

ff (r,0) = r w [[(-d,0)]]+r^[[(0,0)]] 
(r, 2tt) = r w [[(-d cos V, d sin ?/>)]] + r w [[(0, 0)]] 
Since d ^ 0, there is only one way of matching up: 

— d = — d cos tl>,0 — dsmip 

Therefore N = k for some positive integer k. 

g(r,6) = r fc [[(-dcos(fc0),dsin(fc0))]] + [[(0,0)]] 

(3) +(3): (a, b, c, d) = (0, b, b, 0), 6 ± 0, (a, 6, 5, d) = (0, 6, 6, 0), b ^ 

(a, 6, c, d) + (a, 6, c, d) = (0, 6 + 6, 6 + b, 0) 

5(r,0)=r JV [[(0,6)]]+r JV [[(0,6)]] 
g(r, 27r) = r N [[(bsinip, 6 cos ?/>)]] + [[(& sin ?/>, 6 cos ?/>)]] 

Case 1: 

= b sin t/>, 6 = b cos -0,0 = 6 sin ip,b= b cos V> 
The solution is simp = 0, cos?/; = 1, i.e. N = k for some positive integer fc. 

5 (r,0) = &r fc [[(sin(fc0),cos(fc0))]] + 6r fc [[(sin(fc0), cos(fc0))]] 

Case 2: 

= b sin ?/>, 6 = b cos = b sin ip,b= b cos V> 
The solution is sin?/; = 0, cos?/; = ±1. 

If cos?/' = 1) then b = b, which means £(<?) = 0, a contradiction to our as- 
sumption. Therefore cost/' = —1 ,b = —b and N — fc/2 for some odd integer 
fc. 

5 (r,0) = &r fc / 2 [[(sin(0fc/2),cos(0fc/2))]] + (-fc)r fc / 2 [[(sin(0fc/2), cos(0fc/2))]] 
(3) + (4) (a, 6, c, d) = (0, 6, b, 0), 6 ^ 0, (a, 6, 2, d) = (0, 6, -6, 0), 6^0. 

(a, 6, c, d) + (a, &, c, d) = (0, 6 + 6, 6 - &, 0) 
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which is in neither of the seven forms above. 

(3)+(5) (a, b, c, d) = (0, b, b, 0), 6^0, (a, 6, c, J) = (Zc, -c, c, Zc), Z ^ 0, c ^ 0. 

(a, 6, c, d) + (a, b, c, d) = (Zc, b — c,b + c, Ic) 
which is in neither of the seven forms above. 

(3)+(6) (a, b, c, d) = (0, b, b, 0), 6^0, (a, 6, c, d) = (Zc, a, c, -Zc), Z ^ 0, 5 ^ 0. 
(a, 6, c, d) + (a, b, S, d) = (Zc, 6 + c, 6 + c, — Zc) 

g(r,0) = r N [[(0,b)}]+r N [[(lc,c)}} 
g(r, 2tt) = r N [[(bsinip, bcosip)]] + r N [[(Zccos ip + csinip,ccostp — Zcsin ?/>)]] 
Case 1: 

= b sin -0, b = b cos ip 
Ic = Ic cos ip + c sin ip,c = c cos ip — Ic sin ?/; 
The solution is sin?/; = 0, cos?/; = 1, hence N = k for some positive integer fc. 

g(r,0) = 6r fc [[(sin(fc6»),cos(fc6i))]]+r fc [[(Z2cos(fc6l)+2sin(fc6l),2cos(fc6l)-Z£sin(fc6l) 

Case 2: 

= Zc cos + csin?/>, & = ccos'0 — Zc sin?/; 
Ic = bsinip,c = bcosip 

No solution. 

(3) + (7) (a, 6, c, d) = (0, &, &, 0), M 0, (5, b, c, d) = (0, 0, 0, 0). 

(a, 6, c, d) + (a, 6, c, d) = (0, b, b, 0) 

3 (r,0) = r w [[(0,6)]] + [[(0,0)]] 
g(r, 2tt) = r w [[(& sin 0, & cos 0)]] + [[(0, 0)]] 
Since bj^O, there is only one way of matching up: 

= b sin ip, b = 6 cos ip 

Hence sin?/; = 0, cos ip = 1, i.e. TV = k for some positive integer k. 

g(r,6) = br k [{(sm(k6),cos(k0))]] + [[(0,0)]] 

(4) +(4) (a, b, c, d) = (0, 6, -b, 0), 6 ^ 0, (a, b, 5, d) = (0, 6, -6, 0), 6 ^ 0. 

(a, 6, c, d) + (5, b, c, d) = (0, b + b, -(b + b), 0) 

g(r,0) = r N [[(0,-b)}} + r N [[(0,-b)]] 
g(r, 27r) = r"^ [[(6 sin ip, —b cos ?/>)]] + r w [[(6 sin ?/>, —6 cos ip)]] 
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Case 1: 

= 6 sin?/', — b = —b cos?/;, = 6 sin?/', — b = —bcosip 
The solution is N — k for some positive integer k. 

g(r, 6) = br k [[(sm(k6), - cos(fcfl))]] + br k [[(sm(k6) , - cos(k6))}] 

Case 2: 

= bs'mip, —b = — 6 cos ip, = bsinip, —b = —bcosip 
The solution is sin?/> = 0, cos?/> = ±1. 

If cosi/i = 1, then b — b, which means = 0, a contradiction to our assump- 
tion. Therefore cosip = —1, hence b = —b, and N = k/2 for some odd integer 
k. 

g{r, 6) = br k l 2 [[{s\n{6k/2), - cos(0fc/2))]] + (-&)r fe / 2 [[(sin(6»fc/2), - cos(0fc/2))]] 
(4) + (5) (a, b, c, d) = (0, b, -6, 0), b ^ 0, (a, b, c, d) = (Ic, -c, 2, Zc), Z + 1 0, 2 + 1 
(a, 6, c, d) + (a, b, 2, d) = (Ic, 6 — 2,-6 + 2, Ic) 

g(r,0)^r N [[(0,-b)}}+r N [[(rc,c)}} 
g(r, 2tt) = r N [[(6 sin ip , — bcosip)]] + r N [[(lccosip — csinip, 2 cos ip + Icsinip)]] 
Case 1 

= 6 sin?/', —6 = —bcosip 
lc = Ic cos ip — c sin ip, c = c cos ip + Ic sin ip 
The solution is N = k for some positive integer k. 

g(r, 6) = 6r fe [[(sin(/c6'),-cos(fc6l))]]+2r' £ [[(Zcos(fc6l)-sin(fc6l),cos(fc6l)+/sin(fc6l))]] 
Case 2 

= lecosip — csinip, —b = ccosip + Icsinip 
lc= bsinip, c = —b cos ip 

No solutions. 

(4) + (6) (a, b, c, d) = (0, 6, -6, 0), 6 ^ 0, (a, b, 2, J) = (Zc, 2, 2, -Zc), Z ^ 0, 2 + 1 0. 

(a, b, c, d) + (a, b, 2, cZ) = (Zc, 6 + 2,-6 + 2, — Z2) 

which is in neither of the seven forms above. 

(4) + (7) (a, 6, c, d) = (0, 6, -6, 0), b ^ 0, (a, 6, 2, d) = (0, 0, 0, 0). 

(a, 6, c, d) + (a, 6, 2, d) = (0, 6, —6, 0) 

5(r,0)=r w [[(0,-6)]] + [[(0,0)]] 
5 (r, 2tt) = r N [[(6 sin V, -6 cos </>)]] + [[(0, 0)]] 
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Since b ^ 0, there is only one way of matching up 

= 6 sin?/', —b = —bcostp 

Hence N — k for some positive integer k. 

g(r, 9) = r k [[(b S m(k9), -bcoa{k0))]] + [[(0, 0)]] 

(5) + (5) (a,b,c,d) = (Ic, —c,c,lc),l ^ 0,c ^ 0, (a, b, c, d) — (lc,—c,c,lc),l ^ 
0,2^ 

(a + d,b + b,c+ c,d + d) = (lc + Ic, —c — c,c + c,lc + Ic) 

g(r,0)^r N [[(lc,c)}]+r N [[(lc,d)}} 
g(r, 2tt) — r N [[(lccos ip— csinip, ccos V'+^csini/')]]+7' Ar [[(7ccos ip— csinip, 2cosi/>+Z2sini/')]] 
Case 1 

Ic — Ic cos ip — c sin ip,c — c cos ip + Ic sin ip 
Ic = Ic cos ip — 2 sin ip,c = 2 cos ip + Ic sin ip 
The solution is N = k for some positive integer fc. 

g (r, 9) = r k [[{lccos(k6) - csm(k9),ccos(k9) + lcsm(k6))}} 

+r k [[(lccos(k9) - csin(k9),ccos(k9) + Z~csin(fc0))]] 

Case 2 

Ic = Ic cos ip — 2 sin ip,c — 2 cos ip + Ic sin ip 
Ic = Ic cos ip — c sin ip,c — c cos ip + Ic sin ip 
The solution is simp = 0,cosi/> = ±1. 

If cost/ 1 = 1, then I = I and c = 2, which means T,(g) = 0, a contradiction to our 
assumption. Therefore cosi/> = —1, hence N = k/2, for some odd integer k, 

c = — c, I = I 

g(r, 9) = ±r k ^ 2 [[(lccos(9k/2) - csm(9k/2),ccos(9k/2) + Zcsin(0fc/2))]] 

(5) + (6) (a,b,c,d) = (Ic, —c,c,lc),l ^ 0,c ^ 0, (a, b, c, d) = (72,2,2, —lc),l ^ 
0,2^ 

(a, b, c, d) + (a, b, 2, d) = (Ic + Ic, —c + c,c + c,lc — Ic) 
which is in neither of the seven forms above. 

(5)+(7) (a, b, c, d) = (Ic, -c, c, lc),l ^ 0, c ^ 0, (a, b, c, d) = (0, 0, 0, 0). 

(a, b, c, d) + (a, b, 2, d) = (Ic, — c, c, Ic) 

g(r,0)^r N [[(lc,c)}} + [[(0,0)}} 
g(r, 2n) — r N [[(lccostp — c sin ip, ccos ip + Icsinip)]] + [[(0, 0)]] 
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Since c^O, there is only one way of matching up 

lc = Ic cos ip — c sin ip, c — c cos ip + Ic sin ip 

The solution is sin ip = 0, cos ip = 1, hence N = k for some positive integer k. 

g(r, 9) = r k [[{lccos(k9) - csin(fc0), ccos(fc0) + lcsm(k6))}] + [[(0, 0)]] 

(6)+(6) (a,b,c,d) = (lc,c,c,—lc),l / fl,c ^ 0, (a, b, c, c) = (lc,c,c,—lc),l ^ 
0,c^0 

(a, 6, c, rf) + (a, &, c, d) = (Ic + Ic, c + c, c + c, — Zc — ic) 
5 (r,0) = r JV [[(Zc ) c)]]+r JV [[([c,c)]] 
g(r, 27r) = r N [[(lccos ip+csinip, ccosip— ZcsinV')]]+r A '[[(Zccos ip+csinip, ccosip— Icsinip)]] 
Case 1: 

Ic = Ic cos ip + c sin ip, c — c cos ip — Ic sin ip 
lc — lc cos tp + c sin ^, c = c cos ip — Ic sin r/> 
The solution is sin^i = 0, cos ip = 1, i.e TV = k for some positive integer fc. 

ff (r,0) = r fc [[(Zccos(/c0) + csin(fc0),ccos(fc(9) - Zcsin(fc0))]] 

+r fc [[(f£cos(/c(9) + £sin(fc6»),£cos(fc6l) - Z~csin(fc0))]] 

Case 2: 

lc = Ic cos V> + c sin ^, c = c cos ip — Ic sin ^ 
Zc = Zc cos ip + c sin ip, c = c cos ip — Ic sin i/> 
The solution is sin^ = 0,cosi/> = ±1. 

If cost/' = 1, then c = c,l = I, which means T,(g) = 0, a contradiction to our 
assumption. Therefore cos ip = — 1, hence ./V = fc/2 for some odd integer k and 
c = —c, I = I. 

g(r, 9) = ±r k/2 [[(lccos(9k/2) + csin(0fc/2), ccos(0fc/2) - icsin(0fc/2))]] 

(6) +(7) (a, 6, c, d) = [Ic, c, c, -lc),l ^ 0, c ^ 0, (a, 6, c, d) = (0, 0, 0, 0) 

(a, 6, c, d) + (a, 6, c, c) = (Ic, c, c, —Ic) 

g(r,0) = r N [[(lc,c)}} + [[(0,0)}} 
g(r, 2n) = r N [[(lccosip + csinip, ccosip — Icsinip)]] + [[(0, 0)]] 
Since c ^ 0, the only matching up is 

lc = Ic cos ip + c sin ip, c = c cos ip — Ic sin ?/> 

The solution is sin ip = 0, cos^ = 1, hence N = k for some positive integer k. 

g (r, 9) = r k [[{lccos(k9) + csin(fc0), ccos(fc0) - Zcsin(fc0))]] + [[(0, 0)]] 

(7) + (7) This case does not happen because otherwise g = 2[[0]]. 
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3.2 S = 

If E = 0, applying Theorem 2.3(2) to the function g, more specifically, by 
choosing W = Uf (0), we get 

g(x) = 2[[ 9l (x)}},xe\]t(0), 

for some minimizing harmonic function gi : Uf (0) — > M 2 . 
The same argument as above tells that 

gi(r,6) = (r N (acos(N9) + b sm(N9) ),r N (ccos(N6) + dsm(N0))) 

for some constants a, 6, c, d in one of the six forms (l)-(6) above. 
Case (1). (a,b,c,d) = (d,0,0,d). 

ff i(r,0) = (ar^ «■") = (<&•",()) 
<7i(r, 27r) = (r N (acos ip + b sin t/j), r N (c cos ^ + dsin^')) 
= (r N (dcosip), r N (dsmtp)) 
Therefore, d = dcosV', = dsinip, i.e., 

27riV = 2fc7r, for some positive integer k. 

Hence TV = k for some positive integer k. 

g(r, 6) = 2[[(dr k cos(k6),dr k sm(k6))}}, 

for some nonzero constant d and some positive integer k. 
Case (2). (a,b,c,d) = (-d,0,0,d). 

gi (r,0) = (ar N ,cr N ) = (~dr N ,0) 
gi(r, 2tt) = (r N (acostp + bsintp), r N (ccosip + dsinip)) 
= (r N (— dcos ip), r N (dsinip)) 
Therefore — d = —dcosip, = dsinip, i.e., 

2irN — 2k-K, for some positive integer k 

Hence N = k for some positive integer k. 

g(r, 9) = 2[[(-dr k cos(k9),dr k sin(fc0))]], 

for some nonzero constant d and some positive integer k. 
Case (3). (a,b,c,d) = (0,6,6,0). 

gi (r,0) = (ar N ,cr N ) = (0,br N ) 
gi(r,2n) = (r N (a cos ip + 6 sin ip) , r N (c cos ip + d sin ip) ) 
= (r N (bsintp), r N (bcosip)) 
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Therefore = 6 sin?/;, b — bcosip, i.e., 

2irN = 2k-K, for some positive integer k 
Hence N — k for some positive integer k. 

g(r, 9) = 2[[(br k sm(k9), br k cos(fc6»))]], 

for some nonzero constant b and some positive integer k. 
Case (4). (a, b, c, d) = (0, b, -b, 0). 

0i(r,O) - (ar N ,cr N ) = (0,-br N ) 
gi(r, 2tt) = (r N (acosip + bsinip), r N (ccosip + rising)) 
= (r N (bsinip), r N (— bcos ip)) 
Therefore = bsinip, —b = —bcosip, i.e., 

2irN — 2k-K, for some positive integer k 

Hence N = k for some positive integer k. 

g(r, 9) = 2[[(br k sin(k9), -br k cos(fc6»))]], 

for some nonzero constant b and some positive integer k. 
Case (5). (a, b, c, d) = (Ic, — c, c, Ic). 

3 i(r,0) = (ar N ,cr N ) = (lcr N ,cr N ) 

gi(r, 2tt) — (r N (acosip + b sin ip), r N (c cos ip + dsintp)) 

— (r N (lecosip — csinVO, r N (ccosip + lesintp)) 

Therefore Ic = Ic cos ip — c sin ip, c = c cos ip + lc sin ip. Solving that gives cos ip = 
1, simp = 0, i.e., 

2irN — 2kir, for some positive integer k 
Hence N — k for some positive integer k. 

g(r,9) = 2[[(r k (lccos(k9) — csin(k9)), r k {ccos{k9)+lcsin{l9)))\], 

for some nonzero constant I, c and some positive integer k. 
Case (6). (a, b, c, d) — (Ic, c, c, —Ic). 

9l (r,0) = (ar N ,cr N ) = (lcr N ,cr N ) 
gi(r, 2tt) — (r N (acosip + b sin ip), r N (c cos ip + d sin ip)) 
= (r N (lecosip + csin ■)/>), r N (ccosip — lesinip)) 
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Therefore Ic = Ic cos ip + c sin ip, c — c cos ip — lc sin ip. Solving that gives cos ip = 
1, sintp = 0, i.e., 

2irN — 2k-K, for some positive integer k 
Hence N = k for some positive integer k. 

g(r, 6) = 2[[(r k (lccos(k6) +csm(k9)), r k (ccos(k6) - lcsm(k6)))}}, 
for some nonzero constant I, c and some positive integer k. 

□ 
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